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AN INVESTIGATION OF RIGID FRAME BRIDGES 


PATIL 


TESTS OF REINFORCED CONCRETE KNEE FRAMES 
AND BAKELITE MODELS 


I. INTRODUCTION 


1. Object and Scope of Work.—The single-span rigid-frame bridge 
has been used in this country to a limited extent for fifteen or twenty 
ears, but only in the last four or five years has recognition of certain 
of its inherent advantages led to a rapid and widespread increase in 
ts use. Perhaps the main advantage of this type of bridge is the 
possibility of securing a shallow section at midspan, thus minimizing 
dead load moments and permitting a minimum difference of highway 
levels in grade separation structures. It is sometimes possible, too, 
to utilize the lateral pressure of embankment fills to resist the hori- 
zontal thrust on the footings. Another advantage of the rigid frame 
“bridge is that it lends itself to pleasing exterior treatment. Mainly 
“as a result of the attractive architectural treatments secured, the 
design of such single-span bridges has been restricted to a rather 
closely standardized set of proportions, utilizing slabs or ribs with a 
curved bottom profile which intersects the faces of the supporting 
walls at a rather sharp angle. It is with this angle at the inside of the 
knee that these tests are principally concerned. 
Although the frame section at the corner of knee is usually quite 
heavy compared with the thickness at midspan, elastic analysis indi- 
cates that a re-entrant angle should produce a high localization of 
stress at that point. Even if a small fillet or bracket is used at the 
intersection, the change in direction of the members is so abrupt, and 
the size of the fillet so small in comparison with the depth of the 
section, that the stress concentration near the corner must still be 
much greater than that in a curved beam. The neutral axis of a 
curved beam lies between the gravity axis and the concave surface; 
in a member with a re-entrant angle it lies near the inner surface. 
The stress due to a given moment is naturally much greater than in a 
straight beam under the same moment. 
The series of tests to follow was planned to determine the moment- 
resisting capacity and the elastic properties of the corner portion of a 
rigid frame, using various types of fillets and arrangements of rein- 
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forcement.* The percentages of reinforcement used were those to be 
commonly met with in practice, with the idea of determining whether, 
with these percentages, a compressive failure would occur at the cor- 
ner of the knee. In one pair of frames only was a large amount of 
tensile reinforcement used, in order to make certain that a compressive 
failure of the knee would occur. 


2. Acknowledgment.—The tests described in this paper are a part 
of an investigation of rigid frame bridges conducted by the Engineer- 
ing Experiment Station, University of Illinois, in codperation with 
the Portland Cement Association. The work was under the adminis- 
trative direction of Dean M. L. Eneaer, Director of the Station, 
Pror. W. C. Huntineton, Head of the Department of Civil Engi- 
neering, and Pror. W. M. Witson, Research Professor of Structural 
Engineering. The Association was represented by an Advisory Com- 
mittee consisting of FRANK T. SHExErs, President, and A. J. Boass, | 
Manager of the Structural and Technical Bureau. 

Especial acknowledgment is made to Paut Jonss and R. H. Heit- 
MAN of the Station Staff for assistance on the frame tests. 


II. Tests or REINFORCED CONCRETE KNEE FRAMES 


3. Outline of Tests—The tests were made on special knee frames 
representing a portion of the rigid-frame bridge adjacent to the corner 
and generally subjected to negative moment. The test piece con- 
sisted of a monolithic L-shaped frame, having fillets of several types 
at the junction of horizontal and vertical legs, as shown in Fig. 1. 
The general proportions of these frames are based upon the dimen- 
sions of a full-sized rigid frame bridge, slightly modified to make the 
frame symmetrical about the knee. The thickness of all frames was 
12 in., the overall height about 8 ft. 9 in. 

The objects of study in these tests were the effects of size and 
type of fillet at the inside corner, of chamfering of outside corners, of 
compressive reinforcement, of plastic flow, and of a large amount of 
tensile reinforcement. Table 1 lists the types of frame studied! The 
shape of the fillets used is probably most important. The fillet not 
only removes a high stress concentration at the corner, but it also 
increases the effective depth and thus strengthens and stiffens the 
corner section. In a rigid frame this increase in stiffness tends to 


*A progress report of these tests was published in the Proceedings, American i 

Vol. 33, p. 4592479, 1937. . = select oe 
See also “Tests of Knees for Continuous Frame Concrete Bridges,” by A. G. Hayden, 

News-Record, Vol. 90, No. 3, Jan. 18, 1923. The article describes tests of six reinforced con 

knees at Columbia University under the direction of Professors A. H. Beyer and W. J. Krefeld. 
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Fig. 1. ELnvation oF Knee Frames SHOWING Types or Finiers Usep 


increase the negative moment and to decrease the positive moment 
at midspan. 
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4. Details of Test Frames.—The concrete used in the test frames 
+had proportions 1 :314 : 4, by weight, a water-cement ratio of 1.2 
and a slump of 4 to 7in. The materials were a standard portland 
cement, purchased locally, and Wabash river sand and gravel. The 
sand had a fineness modulus of 3.05; the gravel, which was of 1-in. 
maximum size and composed mainly of 34- to 34-in. particles, had a 
fineness modulus of 7.27. This small size of the coarse aggregate 
accounts for the large proportion of sand used. The concrete was 
machine mixed. The frames were poured in steel forms, in an up- 
right position, with one leg vertical and one horizontal. The mixture 
used gave good workability, but no excess of water. Some vibration 
was used in placing the concrete. Five 6 by 12-in. control cylinders 
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TaBLE 1 f 


OurLinE oF Tests oF Kner FRAMES 


Two f s of a kind. Reinforcement the same in all except at fillet and in types 8-11 and 18. — 
Rapid Teading “in 10 increments to failure. Sustained loading for 1 year 5 months at design stresses, 
with frequent deformation measurements. 


Percentage of 
Reinforcement 
No. NS Details of Fillets Remarks i 
" Compres- 
Tension sion 
1 1 0 No fillet Rapid loading 
2 1 0 45-deg. fillet, 8-in. width to failure 
3 1 0 45-deg. fillet, 16-in. width E 
4 1 0 Circular fillet, 12-in. radius “ 
5 1 0 Circular fillet, 24-in. radius si 
6 1 0 No fillet, back corner chamfered hf 
if 1 0 Circular fillet, 24-in. radius, chamfered 
8 1 1 No fillet, (see No. 1) - 
9 1 2 No fillet, (see No. 1) rd 
10 1 1 Circular fillet, 24-in. radius (see No. 5) 4 
ital 1 2 Circular fillet, 24-in. radius (see No. 5) 
j 
15 1 0 No fillet, (see No. 1) Sustained load at 
16 ps 0 45-deg. fillet, 16-in. width (see No. 3) design stress 
ize 1 0 Circular fillet, 24-in. radius (see No. 5) ze 
18 1 2 No fillet (see No. 9) e 
19 3 (0) No fillet Rapid loading 
to failure 


were made, stored, and tested with each frame. All frames were 
cured under wet burlap for 28 days, and then tested. 

Details of the reinforcement used in all frames are indicated in 
Fig. 2, and properties of the reinforcing steel are listed in. Table 2. 
The strengths of the concrete control cylinders are given with the 
data of the frame tests. 


5. Test Procedure-—Twenty-four knee frames, two each of typés 
1 to 11 and 19, were tested to failure in a Southwark-Emery testing 
machine. The loads were applied through special roller bearing shoes 
for which the center of rotation fell at the middle of the bearing 
surfaces of the knee frame, as shown in Fig. 3(a). These shoes allowed 
practically free rotation of the frame ends in the plane of the frame. 
With this arrangement it is seen that the bending moment at any 
point is equal to the product of the vertical load applied at the 
center of the bearing face and its moment arm, measured to the 
neutral axis of the frame cross-section. The moment varies from 
zero at the load points to a maximum at the corner. The shear and 


thrust at any point are equal to the components of the load normal 
to and parallel to the axis of the frame. 
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| ; Fig. 2. Deraits or REINFORCEMENT IN KNEE FRAMES 

: 

: TABLE 2 

, AvERAGE TENSILE ProperTIES OF REINFORCING STEEL 

f All bars round; 3%-in. bars plain, others deformed 

. Yield Point Ultimate Elongation in | Reduction in 

| Bar Diameter be of Tb. per sq. in. Strength 8 in. Area 

{ ws nest Ib. per sq. in. per cent per cent 
% 21 56 800 81 200 18.4 . 55.6 
34 8 48 300 72 600 20.7 61.7 
% 10 44 200 73 100 19.2 43.4 
1 14 48 700 79 500 19.1 36.7 
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Fig. 3. ARRANGEMENT OF KNEE FrRAMps IN Tests 
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In the tests, the loads were applied to failure in about 10 incre- 
ments, and strain measurements were taken at each load increment. 
Three types of measurements were taken; strain gage readings, on 
4-in. gage lines along inside and outside faces of the frame, rotations 
or changes in slope at various points in the frame, and relative vertical 
deflections of the ends. The gage lines for these readings are shown 
in Fig. 3(a). The strain gage used was of the Berry type. Rotations 
were measured on short lengths of steel angle bolted to the sides of 
the frame, by means of a portable 10-in. level bar provided with a 
15-second bubble and a micrometer dial graduated to 0.001 in. A 
similar dial was used on the vertical deflectometer used between the 
two ends of the frame. In the frames with fillets, some additional 
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Fig. 4. Test Frames Unper Rapiw AND SUSTAINED LOADING 
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Fic. 5. Frames or SeveraL Types AFtTer TEst 
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TABLE 3 
Principat Resutts or Rari Loapina TEsts 


A Moda 
verage us 
Cyli Maximum 
aca halen Blasticit oe ae Remarks 
My i: Tho an ee frame 
sq. i. of Ib. per 3 


sq. in. 


32 600 No fillet 


hen Saar 4.2 3660 3460 
Min eie TA Re lane 5.8 3450 3080 31 200 ; 
hens ch tee Sars 5.0 3545 3270 31 900 ei i, 
7.0 3480 3060 35 300 45-deg. fillet, 8-in. wid 
7.3 3440 3260 36 100 4 oo abet a 
7.2 3460 3160 35 700 
6.6 3270 3360 42 600 45-deg. fillet, 16-in. wide 
7.0 3350 3350 41 800 
6.8 3310 3355 42 200 . d 
6.1 3300 3140 35 000 Circular fillet, 12-in. radius ; 
6.3 3310 2890. 35 000 
6.2 3305 3015 35 000 
4.1 3320 3280 41 700 Circular fillet, 24-in. radius 
4.8 3280 41 600 
4.5 3350 3280 41 650 
ert Met ioke ret 6 5.8 3400 3460 32 600 No fillet. Corner chamfered 
eeteishsleteias ee kes 4.4 3260 3730 32 300 
5.1 3330 3595 32 450 
BYE ave Gites 0 61s 5.9 3080 3170 42 800 Circular fillet, 24-in. radius. 
BP Ceres ai: eis cele © 6.0 2760 3260 42 200 Corner chamfered 
PURE s wits s's-<, bias 6.0 2920 3215 42 500 
PUM c heist ses ae 4.1 3010 3440 32 900 No fillet. 1-per-cent com- 
~ a gigg dro cae 5.5 2960 2990 32 400 pression reinforcement 
Sever eersecens 4.8 2985 3215 32 650 
3 Cameuce aces EMS 6.0 3140 3390 33 100 No fillet. 2-per-cent com- 
Peeisiate adsis: =< tie'e 5.9 3150 3190 35 600 pression reinforcement 
>: ORO SnRee er 6.0 3145 3290 34 350 
Ee vets ie a's oc a's's ere 2980 3010 42 000 Circular fillet, 24-in. radius 
oS A See 6.3 3090 3090 43 000 1-per-cent compression 
|e 6.0 3035 3050 42 500 inca, wage 
eae tie ds wclew ss 5.8 3030 3250 42 900 Circular fillet, 24-in. radius 
eteie octal s oie dais! 7.0 3080 3080 43 700 2-per-cent compression 
6.4 3055 3165 43 300 poi orreuiens 
- en, HOA eae 8.0 4250 4110 54 000 No fillet. 3-per-cent ten- 
Ree atict cc aista lee rae o/s 6.2 4120 4245 60 250 sion reinforcement 
eee eRe Seek a6 Y frau § 4185 4180 57 120 
Be Te ec erkin Sus)etehe 5.4 3600 3630 32 000 No fillet 
SPE pi elclors sretece 6.6 3660 3880 32 500 
6.0 3630 3755 32 250 
SSC REDE torres 5.2 3690 3630 42 000 45 deg. fillet, 16-in. wide 
is ada sls sl 6 svelsie.e 6.5 3640 3760 43 000 
Beraredtais oie wie.x eg 5.8 3665 3695 42 500 
Palaia sie aigieterera: ole 6.0 3160 3040 42 500 Circular fillet, 24-in. radius 
Et ahehiste ssc jers Petes 5.5 3750 3880 42 000 ; 
Saath ein) capats cae atm 5.8 3455 3460 42 250 
Beye eie sieiSig eai.ore 5.6 3860 3850 32 000 No fillet. 2-per-cent com- 
Bote tetera) ates 6.3 3220 3385 35 500 pression reinforcement 
5.9 3540 3620 33 750 


*Tested to failure after 1 yr. 5 mo. sustained loading. 
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strain measurements were taken to study the stress distribution 
around the corner. ' 

Eight frames, two each of types 15 to 18, were subjected to sus- 
tained loading for 1 year and 5 months. The load was applied as 
indicated in Fig. 3(b). A calibrated car spring having a shortening 
of about 1-in. at the design load was used, and load was applied by 
tightening the nut on the tension rod connecting the extremities of — 
the frame until the desired load was indicated by the shortening of 
the spring. The load was transmitted to the frame through bearing 
plates and knife-edge pivots. Gage readings were taken before and 
after applying load, then daily for the next week, and at gradually 
increasing intervals thereafter. The spring loads were adjusted 
regularly to correct for deflection due to time yield. 

The frames were loaded after 28 days moist curing and stood in 
the air of the laboratory, in which temperature and humidity were : 
recorded, though not closely controlled. 

Views of frames being tested in the testing machine and of the 
group subjected to sustained loading are shown in Figs. 4 and 5. 


6. Results of Rapid Loading Tests—Some of the principal results 
of the rapid loading tests of frames are given in Table 3. The average 
slump of the concrete used in each frame, the cylinder strength and 
the average initial modulus of elasticity from the cylinder tests are 
listed, together with the maximum load carried by each frame. It is 
noteworthy that cracking began in all of the frames at a load of about 
10 000 lb., and most of the frames failed initially by exceeding the 
yield point of the tensile reinforcement. With further loading, 
secondary crushing occurred in a number of the frames and in some 
cases the initial cause of failure was hard to determine. Frames 19A 
and 19B, with heavy reinforcement, failed initially in compression. 

By comparing the average frame strengths given in Table 3, it is 
seen that the fillets of frames 2 and 4 evidently produced a frame 
strength 10 to 12 per cent greater than that of frame 1, while the 
larger fillets of frames 3, 5, and 7 produced strengths 31 to 33 per 
cent greater than that of frame 1. In a similar way, a comparison 
of frames 8 and 10 and frames 9 and 11, shows that the increase in 
strength attributable to the large fillet was 26 to 30 per cent. Cham- 
fering the outer corner (compare frames 1 and 6, 5 and 7) produced a 
strength increase of about 2 per cent, a difference so small that it 
may be neglected. The effect of compressive reinforcement upon 
ultimate strength was small, as would be expected for frames that 
failed in the tensile steel. Comparing frames 1, 8, and 9 with 5, 10, 


INVESTIGATION OF RIGID FRAME BRIDGES—PART I 15 


and 11 shows that the addition of 1 and 2 per cent of compression 
teel resulted in slight and consistent increases in strength, of 2 to 
# per cent. 

The increased strength due to fillets may be due to two conditions; 
i reduction in the moment arm of the applied load at the point of 
failure, and a reduction in the localized stress due to the re-entrant 
angle at the corner. Considering the frames of types 1 to 5, the 
following data are enlightening: 


Frame No. 1 2 3 4 5 
ERclative SULCUS UH eee te ane oe 1.00 1.12 1.33 1.10 1.31 


Computed load required to produce 
- equal values of M/jd at point of 
(AS 5 eee eee 1.00- £2 1.22 1.14 1227 


The values of M/jd used in preparing this table are based upon a 
moment arm measured to the gravity axis of the frame and a depth 
measured radially and roughly perpendicular to the gravity axis. 
This is a somewhat approximate procedure, but a simple and work- 
able one. 

From the foregoing tabulation, it appears that the strengthening 
effect of the fillets is mainly due to the reduction in moment and the 
increased depth of member at the section where failure occurred. 

To aid in judging the cause of failure, values of the maximum 
measured strains at loads near the maximum have been assembled in 
Table 4. Since the load increments were from 6 to 10 per cent of 
the maximum load, they do not indicate exactly where the yield point 
of the steel or crushing of the concrete was reached, but they give 
more information than can be obtained by a visual observation of 
the test. The yield point of the steel was exceeded (in all but frames 
19) at maximum load, and tension seems to be the initial cause of 
failure in these frames. A few frames had higher compressive strains 
than tensile ones, but the critical strain for the concrete was probably 
considerably above 0.00165, where the tensile yield point was reached. 

Frames 19A and 19B contained about 3 per cent of tensile rein- 
forcement instead of the 1.0 to 1.2 per cent used in the remaining 
frames. These frames were made several months after the others 
simply to see where compression failure would occur. They were 
identical with the frames of type 1, but with 11, instead of 4, 34-in. 
round tension bars. They were placed in two layers, 6 in the outer, 
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TABLE 4 


Maximum Strains Near Untimate Losap 


Strains are given in one hundred thousandths inches vo inch. Strains beyond range 
of gage are recorded as Y.P. 


Per - | Maxi- Per Maxi- Maxi- 4 
Maxi- axl 7 
Frame | Semtof} mum Cone Manner of Frame coe mum Cone Manner of ~ 
: No. Ss ta Steel brio Failure No. eon sted crate Failure 
Load Strain | strain Load train | Strain 
Araneta att 0.90 136 115 Tension TB 0.85 150 143 Tension and © 
: 1.00 331* 195 0.96 382* 215 Compression 
= : 
DA 0 0.93 203* 135 Tension PAS Dr ane 0.93 138 228 Tension 
1.00 VP 328* 1.00 BGA See 391* 
3A......| 0.89 131 104 Tension SB cess 0.01 155 141 Tension 
1.00 388* 166 1.00 253* 150 
4A...... 0.86 135 150 Tension, AB dso 0.86 139 154 Tension and 
1.00 248* 323* | splitting, and 1.00 339* 248 compression 
compression : 
SA. sn 0] 0.92 152 152 Tension SB 0.92 206* 161 Tension and 
1.00 | 215* | 194 1.00 | 234* | 399* | compression | 
GAC ieysysisir 0.92 145 144 Tension and || 6B.....-| 0.93 202* 193 Tension and 
1.00 197* 250 compression 0.94" 4~¥.P.* 337* | compression 
Ui Acaterctetse 0.89 161 180 Tension and || 7B...... 0.90 152 168 Tension and 
1.00 326* 266* | compression 0.98 455* 208 compression 
BAS sara 0.91 157 144 Tension SERgecar 0.93 190* 170 Tension 
0.99 243* 258* 0.99 305* 213 
DAS ioe: 0.91 156 76 Tension OB ..cter 0.85 164* 86 Tension 
0.96 156 107 0.95 351* 104 
OAR, crate 0.91 164* 144 Tension 10OBsi..< 0.89 135 156 Tension 
0.99 238* 185 0.99 214* 201 
ene 6.9 0.89 139 104 Tension LTB ccs 0.87 139 144 Tension 
1.00 294* 138 0.98 403* 249 
19A..... 0.89 116 185 Compression|| 19B..... 0.87 147 272 - | Compression 
0.95 123 252* 0.92 174* 362* 
15At. 0.94 144 140 Tension 15BT....| 0.92 211* 165 Tension 
0.97 PEd 298 0.98 YeP2 289 
16At. 0.94 147 119 Tension 16BTf....| 0.92 150 96 Tension, 
0.99 211* 162 1.00 194* 126 ~ 
17AT. 0.91 143 117 Tension WB...) 0.88 139 96 Tension 
0.95 179* 126 0.94 154 Om eg 
18Af. 0.88 159 95 Tension 18BT....| 0.86 Gee 120 Tension 
0.93 204* 122 0.91 YP: 199 


*A steel strain of 165 or more indicates yield point of steel. Ultimate concrete flexural strains 
generally range from 150 upward, sometimes reaching 200 to 250. 
{Tested to failure after 1 yr. 5 mo, sustained loading. f 


5 in the inner. The bars were of the same lot as used in the original 
series of tests. 

The two frames, 19A and 19B, were made as nearly like the 
original series as possible, but, due to the use of a new lot of materials, 
the concrete strength was somewhat higher, averaging 4185 lb. per 
sq. in. Frame 19A when loaded in the testing machine gave indica- 
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tions of initial compressive failure at a load of 44 000 lb., cracks 
d eveloped parallel to the compression face and failure finally naunyred 
by crushing of the compression face about 10 inches from the corner, 
at a load of 54 000 lb. Frame 19B failed in much the same way, 
with initial evidence of compression failure at the load of 47 000 Ib.; 
final crushing took place at and near the inside corner at a load of 
60 250 lb. In both frames the tension cracks remained fairly small 
and were well distributed. There was no doubt that both failures 
were compression failures. 

It may be useful to compare the results of fee tests with those 
of frames 1 and 6, which had 1-per-cent reinforcement and no fillets. 
The average strength of frames 1 and 6 was 32 175 lb., and the corre- 

sponding concrete cylinder strength was 3437 lb. per sq. in. The 
verage strength of frames 19A and 19B was 57 125 lb., and the 
ylinder strength was 4185 lb. per sq. in. Since the concrete was 
definitely stronger for frames 19A and 19B, it seems reasonable to 
adjust the ultimate load for those frames in the ratio of 3437 : 4185 
in order to compare with frames 1 and 6. The adjusted strength 
of frames 19A and 19B thus becomes 46 900 lb. as compared with 
32 175 for frames 1 and 6. The ratio, oe is 1.46. This rather 
rough comparison indicates that the frames with three-per-cent rein- 
forcement were a little less than 14% times as strong as those with 
1-per-cent reinforcement. It should be remembered, too, that in- 
creasing the reinforcement from 1 to 3 per cent lowered the neutral 
axis greatly, and consequently increased the compressive resisting 
moment (as indicated by the quantity kj bd?) by more than 35 per 
cent. From these computations it appears that the use of 1.20- to 
1.25-per-cent reinforcement in the original frames of types 1 and 6 
would have resulted in a condition where either a tensile or compres- 
sive failure might have occurred, and the use of 1.5-per-cent reinforce- 
ment would probably have resulted in compressive failure at the 
inside corner. 

The foregoing conclusion for a frame 12-in. thick, in which there 
ean be little restraint in a direction normal to the plane of the frame, 
need not apply directly to a rigid frame bridge, with walls and slabs 
20 to 30 feet wide. Tests have shown that concrete with compressive 
stresses in two directions only is little stronger than if subject to 
one-directional compression. However, if restrained by stress or by 
the adjacent parts of the structure in the third direction, the resist- 
ance to failure is increased greatly. It is probable that the lateral 
restraint in the bridge would permit the development of a much 


a ee 


18 = ILLINOIS ENGINEERING EXPERIMENT STATION 


higher concentration of compressive stress at the re-entrant ancl 
than in the knee frames tested. Such stress concentration in re- 
strained material is accompanied by a large amount of inelastic flow, 
which in turn tends to relieve the high stress concentration and to 
distribute the stress over a greater area. 


7. Elastic Properties of Frames.—Of equal interest with the 
strength values are the elastic properties of the several frames, 
since, in the complete rigid frame, the distribution of positive and 
negative moments depends upon these properties. Elastic constants 
were obtained in the tests from the measured rotations and end deflec- 
tions, determined at about ten load increments for each frame. For 
purposes of comparison, values of these quantities at loads of 12 000 
and 20 000 lb. have been listed in Table 5. Gage points 1 and 7 are 
at the ends of the frame, points 2 and 6 are at the midlength of each 
leg, and points 3 and 5 are 8 inches on either side of the intersection | 
of the projected center lines of the legs. 

Of main interest are the overall rotation and deflection between 
points land 7. As an indication of the stiffness of the several frames, 
relative values of these overall rotations and deflections, derived 
from both loadings of Table 5, are given below. To compare with 
these, similar relative values have been computed from the dimen- 
sions of the frames,* based on the use of concrete section only, and 
with a constant modulus of elasticity; these values appear in the 
following tabulation: 


Frame No. 1 oY 3 4 5 6 7 
Relative test values: - 
IROUAWON ete aeie cere 100 86 65 87 70 100 80 
Meleciionmae ieee tee ee 100 te 52 80 58 92 67 
Relative computed values: 
Rotatonerene ccs as ere nee 100 87 we 86 74 100 76 
Wehectonic: <a nee eee 100 78 58 78 61 97 64 


*The following equations were used. Deflection, f = py. rotation, 6 = pyre, and 
Eee: bds : 
moment of inertia, J = 72° Each frame was cut up into short lengths ds, having a depth d and a 


distance y from centroid to the action line of the load P. 


This simple comparison shows a fair agreement between the 
calculated and observed values of deflection and angle change, and 
indicates that the use of overall concrete areas will give a fairly 
reliable measure of the elastic behavior of a frame with fillets. Further 
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ectio 
2-6 3-5 a 1-7 2-6 3-5 
285 32 0.105 910 627 128 
286 20 0.125 910 740 72 
236 26 0.115 910 684 100 
250 6 0.087 830 570 7 
182 16 0.070 720 502 3 
216 ll 0.079 775 536 5 
110 0 0.055 560 330 0 
133 6 0.060 610 350 3 
122 3 0.058 585 340 2 
205 11 0.084 775 550 15 
240 15 0.096 825 605 5 
223 13 0.090 800 578 10 
130 3 0.060 604 355 0 
137 11 0.067 625 327 5 
134 7 0.064 615 341 3 
255 38 0.085 850 640 150 
285 44 0.114 960 685 134 
270 41 0.100 905 663 142 
150 8 0.062 702 451 25 
134 21 0.081 760 437 24 
167 15 0.072 731 444 25 
267 58 0.108 845 630 190 
294 33 0.118 920 655 82 
281 46 0.113 883 643 136 
280 52 0.105 830 604 140 
205 15 0.087 755 524 30 
243 34 0.096 793 564 85 
95 0 0.053 550 342 3 
150 0 0.053 630 396 8 
123 0 0.053 590 369 6 
127 5 0.055 555 330 2 
95 6 0.065 595 320 4 
ill 6 0.060 575 325 3 
152 36 0.063 492 304 64 
148 28 0.054 544 350 72 
150 32 0.059 51 327 68 
250 38 0.094 810 542 120 
270 60 0.107 832 542 116 
260 49 0.101 821 542 118 
140 52 0.062 556 302 72 
140 56 0.056 576 306 70 
140 “54 0.059 566 304 71 
100 40 0.060 574 286 Be 
120 0.052 604 324 “6 
110 “24 0.056 589 305 6 
282 135 0.114 828 575 210 
274 74 0.106 783 557 179 
194 


inc Data for frames 15 to 18 
sustained load for 1 yr. 5 mo. 


At Load of 12 000 lb. 


TABLE 5 


Rotations AND Enp DEF.EcTIons or FRAMES 


between gage points as shown in Fig. 3. End deflections 
Nos. 1 and 7. Rotations in 1/100 000 of a radian, deflections 
are from rapid loading tests after the frames had been under 
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At Load of 20 000 lb. 


Rotation between Gage Points 


End De- 
flection 


0.253 
0.275 


0.264 


0.200 
0.190 


0.195 


0.133 
0.145 


0.139 


0.200 
0.225 


0.213 


0.155 
0.160 


0.158 


0.225 
0.280 


0.253 


0.183 
0.190 


0.187 


0.267 
0.273 


0.270 


0.242 
0.210 


0.226 


0.164 
0.148 


0.155 


0.140 
0.154 


0.147 
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studies have been made to determine the deflections and rotations as 
computed from the cracked section of the member, including the 
reinforcing steel. It is obvious that if the neutral axis remained at 
the same relative position, and the reinforcement was a constant 
percentage, all elastic constants would be proportional to the values 
for the overall concrete section, and the relative values would remain 
as tabulated in the foregoing. A study of strains and cracks reveals 
that the neutral axis moves closer to the compression face at the 
corners; however, with the non-linear stress distribution this produces 
a high concentration of stress near the compression face, and increases 
the moment arm of the resisting couple. Since the computation of a 
stiffness factor for such a stress distribution is very difficult and 
uncertain, and since there is no significant stage of cracking to be 
chosen, the use of the overall concrete section seems justified, at 
least for frames in which the reinforcement in walls and slabs is 
similar. The reasonableness of this is further shown when it is noted — 
that the rate of deformation and deflection at high loads is two to 
three times that for low loads to which the uncracked section applies. 
There is no elastic “constant” for the highly-stressed section; the 
value for the uncracked section is at least definite, and is fairly 
indicative of the elastic behavior of the frame. 

Figure 6 shows the location of cracks on typical frames tested. 
The length and frequency of the cracks indicate very clearly the 
sections of high tensile stress. The progress of the cracks was recorded — 
as the load was applied. 


8. Results of Sustained Loading Tests—Kight frames, types 15, 
16, 17 and 18, were held under a sustained load of 12 400 lb. for 1 year 
and 5 months. This load was chosen as the load which would produce 
a computed working stress in the steel of frame 15; to facilitate com- 
parisons the same load was used on the other frames. The observed 
increase in measured strains, rotations, and deflections due to time 
yield or plastic flow appear to be fairly typical for flexural members 
under sustained loads. Figure 7 shows the relation between rotations 
and deflections of the four frames and duration of loading. The 
figure shows in a striking way the stiffening effect of the fillets of 
frames 16 and 17 as compared with frame 15. Even more noteworthy 
is the comparison of frame 18, which had 2 per cent of compressive 
reinforcement, with frame 15, which had none. Not only were the 
initial rotations and deflections of frame 18 appreciably less than for 
frame 15, but the plastic yielding of frame 18 was held to practically 
one-half of that for frame 15. While the effects of fillets and of com- 
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pressive reinforcement have a different time-characteristic, the 2 per 
cent of compressive reinforcement apparently stiffened the frame 
about as much as the fillets of frames 16 and 17. 

Figure 8 shows the relation between concrete and steel strains and 
the duration of loading. The relative values of concrete strains are 
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similar to those for rotations and deflections. As compared with 
frame 15, the fillets of frames 16 and 17 produced a marked decrease 
in the maximum strains, while the strains in frame 18, with com- 
pression reinforcement, were only 45 to 55 per cent of the correspond- 
ing strains for frame 15. The strains in the tensile steel, shown in 
Fig. 7, show very little change with duration of loading; the small 
variations shown probably are due to a slight variation in the arm 
of the resisting couple, to errors of observation, and to variations in 


temperature and humidity. 
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TABLE 7 
Comparison oF Data or SimmuarR Frames Trestep at DIFFERENT AGES 


At 20 000-lb. Load 


Maximum sca ap eee —_ 
_ Frame Load on yilnder | Elasticit; 
Age at Test No: Fram — Thousan End Hoa aes 
% nade i i “é, In 
sq. in. be hes ‘3 Denes 1/100 000 
: radians 
1 yr. 5 mo. 
(after sustained 
loading) 
28 days 1 31 900 3545 3270 0.264 0.910 
(tested moist) 3 42 200 3310 3355 0.139 0.585 
5 41 650 3350 3280 0.158 0.615 
9 34 350 3145 3290 0.226 0.793 
Ratio 15-1 1.01 1.02 pe Gs) 0.80 0.90 
1 yr. 5 mo. values 16-3 1.01 1.10 EG 0.91 0.96 
28 day values 17-5 1.01 1.03 1.05 0.84 0.96 
18-9 0.98 1.12 1.10 1.01 1.01 
PREACH g cicin ic asia die wb alee 1.00 1.07 1.10 .89 . 96 


A summary of the time yield effects in these frames is given in 
Table 6, wherein the deflections, rotations, and concrete strains after 
loading periods of 1, 6, and 15 months are expressed in terms of the 
corresponding initial values measured when the load was first applied. 
It is seen that at the end of the 15-month period, the various displace- 
ments have become 2.5 to 4.1 times their original values for frames 
15, 16, and 17, and 1.8 to 2.9 times their original values for frame 18. 
The effect of time yield is most pronounced in the value of concrete 
strains. 

It may be concluded that, in the four types of frame tested, the 
use of compressive reinforcement is most effective in stiffening the 
frame and in reducing time yield effects, but probably adds little to 
the ultimate strength of the frame if it fails in tension. The filletted 
frames of types 16 and 17 are much stronger and stiffer than type 15, 
hence a given load produces relatively smaller deformations. The 
two are of nearly equal effectiveness. 


9. Strength of Frames After Sustained Loading.—As indicated in 
Tables 3 to 5, after frames 15 to 18 had been under sustained load for 
1 year and 5 months, the load was removed, the recovery of deforma- 
tions noted, and the frames were then tested to failure by the pro- 
cedure used for frames 1 to 14. The principal results of these tests 
are given in Tables 3 to 5. These frames failed initially by tension 
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in the reinforcement, and there was little variation in strength from 


that of the corresponding frames, 1, 3, 5 and 9, which were tested — 


when 28 days old. Table 7 shows relative values of frame strength, 
cylinder strength, modulus of elasticity, deflections, and rotations for 
the two groups of frames. The frames that were older at test were 
somewhat stiffer than the others, and the control cylinders a little 
stronger. 

An effect of the compression reinforcement, noted in frames 8 to 
11 and 18, was the development of a large number of tension cracks. 
Evidently the compression steel delayed or prevented a secondary 
compression failure of the concrete, thus allowing the tension steel 
to deform considerably, even though, having reached the yield point, 
it could develop no appreciable increase in the load-carrying capacity 
of the frame. The location of highly cracked regions of a frame is 
incidentally a very good indication of a high concentration of tensile 
stress. Figure 6 shows typical sketches of the location of cracks in 
frames of several types at failure. 


III. Puoto-Exastic Stupies oF BAKELITE KNEE FRAMES 


10. Object of Photo-Elastic Tests—To supplement the tests of 
reinforced concrete frames, and in particular to secure information 
on the stress situation at the inside corner of the frame, use was made 
of the well-known photo-elastic method of stress analysis. While the 
models were necessarily constructed of a material differing. greatly 
from concrete, the analysis furnishes a picture of the stress distribu- 
tion in an elastic or nearly elastic material. While concrete is far 
from perfectly elastic, most concepts of concrete design and of the 
behavior of concrete structures use the assumption of elastic action. 
as a basis. 

Another feature of the photo-elastic tests was that by testing a 
number of frame types, comparative results would be obtained to. 
show the relative effectiveness of the different fillets used. 


11. General Photo-Elastic Theory—The principles involved in the 
theory of photo-elastic stress analysis may be found in many excellent 
short articles* and in treatises on photo-elasticity.| However, a 
brief review of the theory involved will here be presented for the 
sake of completeness. 


*Coker, H. G., ““Photo-Elasticity for Engineers,’ General Electric Revi - 

wo 1920, and Janiary, 1031 g ral Electric Review, November and Decem- 
rocht, M. M., “Recent Advances in Photo-Elasticity,”’ Trans. A.S.M.E., Vol. 53, No. 15, p. 1 

{Coker and Filon, ‘‘Photo-Elasticity,’’ Cambridge University Press. . Bahia ig 


| 


INVESTIGATION OF RIGID FRAME BRIDGES—PART I PARE 


@ The fundamental optical phenomenon underlying all photo-elastie 


investigations is that of double refraction. When a ray of light enters 
a double-refracting crystal such as Iceland spar, it undergoes two 
important changes: (1) it splits into two plane polarized rays, the 
ordinary and the extraordinary, which vibrate in mutually perpen- 
dicular planes; (2) the two rays travel through the crystal with dif- 
ferent velocities, and therefore emerge from the crystal with a phase 
difference which depends on the wave length of the light and the 
length of the crystal. Plane polarized light needed in the photo- 
elastic analysis of stresses is usually obtained by passing a beam of 
light through a Nicol prism. This prism is made of a crystal of Ice- 
land spar which has been cut along a diagonal plane and cemented 
together with Canada balsam in such a manner that the ordinary 
ray is reflected to one side of the crystal and absorbed in the blackened 
surface. The extraordinary ray passes through the prism and emerges 
as a plane polarized beam of light. 

About 1816 Sir David Brewster discovered that a transparent 
isotropic body (such as glass or celluloid) when subjected to a two- 
dimensional stress system in a field of plane polarized light is optically 
equivalent to a large number of doubly refracting crystals. It is also 
an experimental fact that the relative retardation, R, between the 
ordinary and the extraordinary rays produced at any point in the 
stressed transparent body by the temporary double-refracting char- 
acter of the material, is given by the equation: 


R =ct(P — Q) (1) 


where c is an optical constant depending on the material, ¢ is the 
thickness of the material, and P and Q are the principal stresses at 
the point. Furthermore, it has been shown that the planes in which 
the emerging light vibrates are the planes on which the principal 
stresses P and Q occur. It should be noted that, in general, Equation 
(1) applies only to a model in the shape of a thin flat plate of uniform 
thickness subjected to two-dimensional stress in the plane of the 
model. 

If components of the two rays emerging from a stressed trans- 
parent model are combined in one plane by passing through another 
polarizing prism, interference will take place due to the relative 
retardation (phase difference) of the two rays. Thus a stressed model 
in a field of white polarized light gives a colored image, the color 
depending on the interference produced by the relative retardation, 
and this colored image offers a direct means of measuring (P — Q). 
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If the stress distribution across a section is uniform, the color will 
be uniform; if the stress varies, there will be bands or fringes of the 
various colors of the Newton color scale which are sometimes referred 
to as “isochromatics.’’ Any one tint or fringe represents a locus of 
all points along which (P — Q) is constant. 

If, instead of white light, a monochromatic source (light of a 


single wave length) is used, then the retardation between the ordinary — 


and extraordinary rays caused by the stressed model produces only a 
change in the intensity of the light. For models in which the stress 
varies over a section, alternate bright and black fringes will appear, 
there being complete extinction of the light wherever the retarda- 
tion, R, is an integral number of wave lengths of the particular light 
used. Thus the difference in the principal stresses, (P — Q), at any 
given point, may be determined by observing the formation of the 
fringes as the stresses are gradually increased, and counting the order, 
n, of the interference fringe which occurs at that point. Then 


Pix Qi uO (2) 


where C is an optical constant depending on the type of material, the 
thickness of the plate, and the wave length of the light. 

Since the maximum shearing stress, S;,, which occurs at a point 
in a member subjected to a two-dimensional stress system is 


ge) 
2 


S, = (3) 


it follows that the fringes or ‘‘isochromatics” represent loci of con- 


stant intensity of maximum shearing stresses. At a free boundary of 


the model one of the principal stresses is zero, and the fringe order 
then gives a direct measure of the other principal stress which is 
tangent to the boundary. 

The simplest means of evaluating the optical constant, C, is to 
subject a beam of rectangular cross section to pure bending. Then 
by observing the fringe order, n, occurring on the extreme fiber of 
the beam, and computing from the known loads the actual principal 
stress at this point (which is equal to P — Q) we may determine the 
optical constant by substitution in Equation (2). Figure 9 shows the 
fringe pattern of the central portion of a bakelite test beam loaded 
with equal loads at the third points. The dark band at mid-height 
is the fringe of zero order, or the neutral axis of the beam. It may 
be observed that the uniform spacing of the fringes throughout the 
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depth of the beam verifies the assumption of linear stress distribution 
in a beam of constant cross section subjected to pure bending. 

The polarizer and analyzer may be cartooned as a pair of slots set 
at right angles to each other, each of which pass only those com- 
ponents of the light wave which are parallel to the slot. Thus with 
no specimen in the polariscope the light is completely extinguished. 
When a stressed model is placed in the field, however, the plane 
polarized light passing through the first “‘slot”’ is broken up into two 
rays the planes of which coincide with the directions of principal 
stresses in the model. The rays in these new planes may have com- 
ponents parallel to the ‘“‘slot”’ in the analyzer and thus some light is 
transmitted through the analyzer and produces the interference 
fringes or isochromatics on the screen. At some points in the model 
one of the planes of principal stress will coincide with the plane of 
polarization of the incident light passed through the first ‘“‘slot.”’ At 
these points the light is not rotated or split up in passing through 
the model, and will be completely extinguished in passing through 
the analyzer, leaving black spots on the image of the model. In 
general the stress directions in a loaded member vary continuously 
so that these dark points will form one or more continuous lines on 
the image. These lines are known as “‘isoclinics,”’ or loci of all points 
having their principal stresses acting on planes of equal inclination 
(parallel to the planes of polarization). A straight free boundary of 
a model may also be thought of as an isoclinic since it represents a 
line along which the principal stresses are constant in direction. If 
the polarizer and analyzer are then rotated together through a given 
angle (say 10-deg.) a new isoclinic will appear, etc. In this manner 
the directions of the principal stresses can be found throughout the 
model, and an orthogonal system of lines called “stress trajectories” 
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can be plotted, along which and perpendicular to which, the principal 
stresses act. White light is used when tracing the isoclinic lines so 
that these black bands may be readily distinguishable from the 
colored isochromatics which remain stationary as the polarizer and 
analyzer are rotated. It should also be noted that wherever (P —Q) =0, 
dark lines also appear on the specimen; these lines may be distin- 
guished from the isoclinics, however, by examining the model in 
“circularly polarized”’ light. 

For the purpose of taking fringe photographs such as that shown 
in Fig. 9, the isoclinics are usually eliminated by using “circularly 
polarized” light which is produced by inserting what are known as 
“quarter wave plates’ in the beam of plane polarized light. These 
quarter wave plates are usually made from sheets of mica of a 
thickness such that the relative retardation of the two emerging rays 
produced by passing through the mica is one-fourth of the wave 
length of the light used. These quarter-wave plates are placed with 
their optical axes at 45-deg. to the plane of polarization. As a result, 
the isoclinics are uniformly dispersed over the image of the model, 
and disappear; all directional effects of the stress are removed, leaving 
only the fringe pattern in the image. 


12. The Photo-Elastic Polariscope—The photo-elastic polariscope 
used is shown in Fig. 10. The light source, A, is a 500-watt projection 
bulb; this is followed by condenser lenses, B, and a liquid color filter, 
C, which transmits a monochromatic yellow-green light. The polari- 
zer, D, and the analyzer, K, each utilize a Polaroid disk in place of 
the usual Nicol prism for polarization. EH is a quarter wave plate 
made of thin cellophane sheet (about 0.0005 in. thick); F is a colli- 
mator lens which is followed by the specimen in the loading frame, G,. 
and a condenser lens, H. When taking fringe photographs the screen” 
is replaced by a 5 by 7 in. camera, mounted on the holder, L. 


13. Preparation of the Models Tested—The photo-elastic knee 
frame models used in the investigation were made from polished 
transparent bakelite plates having a thickness of 0.267 inches. This 
bakelite is a water-clear cast resinoid having a modulus of elasticity 
of about 680 000 lb. per sq. in., an ultimate tensile strength of about 
10 000 lb. per sq. in., and a compressive strength of about 22 000 
Ib. per sq. in. Its proportional elastic limit is about 5000 lb. per 
sq. in.; and it has a tendency to creep slightly if held under high stress 
for a long time interval. 

Bakelite was selected for these models because of its strength and 
high stress-optical coefficient; this allows the use of lower stresses in 
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testing, thus avoiding objectionable creep. The bakelite as received 
had a small amount of initial stress, and the material was therefore 
annealed by heating at 76-deg. C. and cooling slowly in the furnace. 
All data in this report were taken from specimens cut from annealed 
material which was practically free of initial stress. 

Models were made of knee frames Nos. 1 to 7 (see Fig. 1) on a 
scale of 14 inch to the foot, or 144 the size of the prototype for all 
dimensions except the thickness, which was 0.267 inches in the models 
as compared with 12 inches in the concrete frames. No reinforcing 
steel was included in the photo-elastic models. All models were 
~sawed from the same sheet and finished by careful filing with a sharp 
file. The sharp corners indicated in Fig. 1 actually appeared slightly 
rounded when examined under the microscope at high magnification. 
The actual radius of curvature of these corners on the bakelite models 
was about 0.005 inches. 


14. Testing Procedure—A knee frame model was first placed in 
the loading frame and its image focused sharply on the ground glass 
of the camera. The specimen was then loaded and the fringe photo- 
graph taken immediately in circularly polarized monochromatic 
light. The camera was then removed and the isoclinics traced on a 
sheet of tracing paper using plane polarized white light. 

Several of the models were used for more than one test by starting 
with a larger fillet (fillet C) and then cutting down to a smaller size 
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(fillet B). The isoclinics were not entirely sharp and clear on two of 
the models, and these were checked by using models made of pyralin 
from which the isoclinics could be sketched fairly accurately. All 
models were tested within 30 minutes after the final filing, and care 
was taken in choosing the loads to be applied to the models so that 
the maximum stresses developed would not be above about 3500 Ib. 
per sq. in. in order to eliminate any optical or strain creep which 
might occur. 


15. The Fringe Photographs.—The fringe photographs shown in 
Fig. 11 were made from annealed bakelite models of the knee frames. 
All data presented in the following pages were scaled directly from 
the photographic negatives on which the boundaries and fringes of 
higher order are clearly shown. 

Referring again to Equations (1), (2), and (3) it may be seen that 
each fringe represents a locus of constant intensity of maximum 
shearing stress whose magnitude is equal to the fringe order multi- 
plied by a constant, which was found to be 173 lb. per sq. in. for this 
material, by using the calibration beam shown in Fig. 9. At the 
points where a fringe cuts the boundary the principal stress (for the 
particular load applied) may be determined by multiplying the 
fringe order by 347 lb. per sq. in. 

All frames except No. 1 and No. 6 contain three interior points 
at which the fringe order, or (P — Q), is zero. The middle point, on 
the axis of symmetry, is a point for which P = Q, but P and Q are 
not zero. The other two points, distributed symmetrically about the 
center line, are points for which P = Q = 0. This was determined 
by drilling small holes through the model at these points and then 
re-loading the model. Since these small ‘holes did not disturb the 
fringe pattern in the model it is concluded that these are points 
of zero stress.* 

In the models of frames No. 1 and No. 6, there is one interior 
point, located on the axis of symmetry for which P — Q = 0; here 
again P and Q are not zero, but are both compressive stresses. 


16. Isoclinics and Stress Trajectories.—Representative isoclinic 
lines and stress trajectories for three of the knee frames are shown in 
Fig. 12. The numbers on the isoclinic lines represent the angles in 
degrees through which the plane polarized field was rotated in a 
clockwise direction from the axis of symmetry. From an inspection 
of the isoclinies it was found that for each knee frame there was at 


*See: Coker and Filon, ‘‘Photo-Elasticity,’’ page 249. 
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least one interior point (called a singular potnt) at which all isoclinies 
intersected, indicating that the principal stresses are oriented in all 
directions at these points. In other words these points are similar 
to bodies under the action of a hydrostatic pressure which is equal 
in all directions in the plane of the model. It was found that these 
interior singular points for all knee frames coincided with the points 
of zero fringe order noted in the discussion of the fringe photographs. 
Furthermore, the outer corner of the knee on all frames with the 
chamfer, Ff, is also a singular point at which the normal stress is 
zero in all directions. The inner sharp corners at the fillets on 
frames Nos. 1, 2, 3, and 6 closely approach the condition of uniform 
compressive stress in all directions, but are not true singular points, 
since all isoclinics do not meet at these points. 

The stress trajectories show the lines along which the principal 
stresses act and represent the directions along which steel reinforcing 
bars could be most advantageously placed in concrete frames of this 
type. The fringe photographs and these stress trajectories show that 
the legs of the frame act very nearly as cantilever beams fixed at 
the knee. 


. 
| 


17. Principal Stresses in the Knee Frames.—The stresses developed 
along the edges of the various models were computed by multiplying 
the fringe orders by the constant, 347 lb. per sq. in. determined from 
the calibration beam of Fig. 9. To give a clearer picture of the rela- 
tive stresses in different models, these values were all converted to 
an equivalent stress due to a unit, or one-pound load, by dividing 
the stress in the model by the applied load. The results are plotted 

_ to scale as ordinates perpendicular to the boundary of the model, 
in Figs. 13 and 14. 

To obtain some approximation of the interior stresses in the knee, 
Filon’s* method of graphical integration was employed. This method 
is based solely on static equilibrium and does not involve the elastic 
constants of the material. The equation for the principal stress, P, 
at an interior point is 


Pp = iy Ne (4) 


where P, is a known principal stress, (usually starting the integra- 
tion at a free boundary where the value of Po, perpendicular 
to the boundary is zero); 


*Coker and Filon, ‘‘Photo-Elasticity,’”’ page 145. 
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P is the principal stress at an interior neighboring point; 

A® is the difference in the parameters of two successive neigh- ; 

boring isoclinics (10-deg. or 0.1745 radians in these experi- é 

ments) ; bh: 

As is the increment of distance along the path of integration, — 
which path must be a stress trajectory; 

Ay is the intercept between the stress trajectory and the nearest 

isoclinic, measured perpendicular to the path of integration. 

This method is particularly applicable when the stress trajectory © 
along which the integration proceeds is also an isoclinic line; such is — 
generally the case along axes of symmetry in stressed models. There — 
are several objections to this method, the chief one being the error — 
likely to be introduced in measuring the small intercepts Ay to the | 
isoclinics. 

The stresses along the axis of symmetry (AB, Figs. 13, 14) were 
obtained by use of Equation (4). In the computations, P was taken — 
as the principal stress along AB and Q the stress normal to AB. The 
fact that P was zero at both A and B served as a check on the com- 
putation. Values of Q were determined by scaling values of P — Q 
from the fringe photographs at various points and combining these 
with the values of P already known. 

A section perpendicular to the axis of the leg (such as CD, Fig. 13) 
approximates very closely a stress trajectory along which only normal 
stresses act. For this reason, a section CD was chosen for each frame 
such that the maximum tensile stress in the leg occurred at or near D, 
and the fringe orders were plotted directly as an approximate measure 
of the principal stress on this section. The appearance of these stress 
curves resembles closely the stress distribution in a slightly curved 
beam due to a combination of bending and a small direct compression. 

It is interesting to note that the maximum tensile stress which 
occurred in any of the frames was that at point D in frames Nos. 1 
and 6. The maximum compressive stress which occurred was that 
at point B in frames Nos. 1 and 6. However, even though this com- 
pressive stress was extremely high it was felt that in an actual 
structure subjected to static loads, it would not be as significant as 
the value indicates, since the material would be restrained at this 
point by compressive stresses in two directions and by the sur- 
rounding material in the third direction. Furthermore, this stress 
is highly localized and only occurs over a very small area. The point 
E, in frames Nos. 2 and 3, is also one at which high compressive 
stresses occur, but here again the material acted on by these high 
localized-stresses is restrained by other compressive stresses similar 


= 
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TABLE 8 


Maximum Srresses Devetorpep in Kner FRAME MOopELS FOR A 
Loap or OnE Pounp 


Maximum Com-| _ Maximum 


: ie 
Knee Frame Stress per unit load at point pressive Stress | Tensile Stress 
oO. in Frame + in Frame + 
3 osm , Maximum 
tress at Bin tress at D in 
A B c D E Frame No. 1 Frame No. 1 
OP oP sede Secs 0 —239 | — 92 +80 1.00 1.00 
|. | aa 0 — 65 | — 89 TO 158 0.66 0.95 
2 ie ea 0 = 41 | — 80 20 |) ike) 0.56 0.87 
ais ys yo a 0 — 95 —105 +74 0.44 0.92 
oo. — 63 — 85 +64 0.36 0.80 
US. 3S Scene eee +35 —239 — 91 +80 1.00 1.00 
tac dae +36 — 73 — 84 +65 0.35 0.81 
*Stresses given are in lb. per sq. in. for a load of one pound on the model; + indicates tension, 


— indicates compression. See Figs. T3 and 14 for location of points, A, B, C, D, E 


to those at point B in frame No. 1, and any slight yielding of the 
material would serve to redistribute the stress more advantageously 
_ in the areas around these sharp corners. 
The maximum stresses which occurred in the seven types of knee 
frame tested are tabulated in Table 8. For convenience in comparing 
the relative magnitudes of the stress, the last two columns give the 
ratio of the maximum stresses in each frame to those in frame No. 1. 
It may be observed that the frames in which the boundaries were 
rounded to follow more nearly the general flow of stress along the 
stress trajectories were the ones which had the smallest stress 
concentrations. 

In general the stress distribution in knee frames Nos. 1 and 5 
was not altered appreciably by cutting off the outer corner of the 
knee as in frames Nos. 6 and 7. The stresses in the legs of these 
frames remained exactly the same, and the slightly increased tensile 
stresses developed on the cut face (at A in Fig. 14) were considerably 
smaller than the maximum tensile stress developed (at D) in the 
legs of these frames. 


18. Comparison of Observed and Computed Stresses.—An estimate 
of the stress on section CD in Figs. 13 and 14 may be made by as- 
suming that the ordinary flexure formula is applicable, and that the 
stress is due to a combination of bending moment and direct com- 
pressive load. The latter is the 45-deg. component of the vertical 
load. Computing the stresses at C and D in this manner for frames 
1 to 7 permitted a comparison of these calculated values with the 
values found from the photo-elastic tests. Remembering that CD 
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is at the section of maximum tensile stress, some distance from the | 
corner, it may be stated that the maximum tensile stress in the 
frames at D may be estimated with a maximum error of about 6 
per cent by the ordinary theory. The compressive stress at C is not — 
so easily determined. If the knee frame has a large fillet, as in frames : 
5 and 7, the compressive stress may be estimated within 10 per cent, — 
but for the frames with sharp corners the ordinary flexure theory 
is not usable. ; 

In referring to the results of the photo-elastic tests as ‘‘observed”’ — 
stresses it is to be noted that these tests give only the relative stress — 
distribution which would occur in homogeneous elastic bodies of — 
geometrically similar proportions. The analysis does not allow for — 
the redistribution of stresses that may occur due to shrinkage or — 
creep of the material. It is practically certain that concrete will 
creep or flow plastically at points of high compressive stress, thus 
tending to relieve the highly-stressed areas and to redistribute to the — 
adjacent material. It is probable (at least for some structural 
materials) that the very high localized compressive stresses at the ~ 
frame corners will be greatly reduced by plastic flow of the material. 
This will be accompanied, of course, by inelastic deformations and 
deflections of the frame. 


IV. GENERAL Discussion 


19. General Effect of Fillets—The test results reported herein 
showed that knee frames without fillets and having 1.0 per cent of 
tensile reinforcement (using 3500-lb. concrete and intermediate grade 
steel) did not fail by crushing of the concrete, though the concrete 
strains were very high. The two frames with 3.0 per cent of tensile 
reinforcement failed very definitely by crushing of the concrete, and 3 
the indications are that the same thing would have resulted had 1.5 
per cent of reinforcement been used. The frames with fillets un- 
doubtedly had a much greater factor of safety than those with the 
sharp corners; thus, while the fillets are not highly needed with the 
ordinary grades of concrete and percentages of steel in common use, 
they would undoubtedly provide a greater margin of safety against 
the effect of poor workmanship as well as minimize the deformations 
due to plastic flow. 

With the standardized proportions commonly recommended for 
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rigid frame bridges, the corner sections are made so heavy that 
failure will normally occur elsewhere.* This is merely a matter of 
design, and not mandatory, so that any rigid frame might be designed 
with the dangerous section at the corner. When this condition pre- 
vails, it will be increasingly important to safeguard the structure by 
modifying the sharp interior corner. A satisfactory architectural 
treatment can undoubtedly be evolved to take care of fillets, if they 
are a functional requirement of the structure. 

While filleted corners undoubtedly produce inereased strength and 
stability in a rigid frame, it is obvious that when they are utilized 
they must be considered in the design of the frame. As pointed out 
some years ago,j the introduction of a fillet or bracket which modifies 

the section of a large portion of the frame will greatly change the 
distribution of positive and negative moment in a rigid frame, and 
thus may shift the section at which the frame will fail under load. 
_In general, the use of large fillets is especially adapted to rigid frame 
_ design, in which it is desirable to minimize the dead load at midspant 
and to concentrate the weight where it produces the least stress. 


20. The Effect of Compression Reinforcement.—From the fact that 

the frames with 1 per cent of tensile reinforcement and no compression 

reinforcement generally failed in tension, it would appear that no 

compression reinforcement was necessary, in so far as strength was 

concerned. The compression reinforcement in frames 8-11 and 18 

was used principally to study its effect upon the stiffness of the 
member, both in the rapid and the sustained-loading tests. 

The increase in stiffness due to compression reinforcement, as 
indicated by the rotations and deflections of Table 5, was not great, 
being about 4 per cent for the frames with 1-per-cent reinforcement 
and 10 per cent for those with 2-per-cent reinforcement. This is 
about the amount indicated by analysis. However, the effect on 
the large inelastic deformations occurring under sustained loading 
was much greater. Comparing frames 15 and 18, with 0- and 2-per- 
cent compression reinforcement, respectively, not only was the elastic 
deformation lower for frame 18, but the increase due to plastic flow, 
shown in Table 6, was very much less. Thus the ratios of total de- 


*“Tests of Rigid Frame Bridges,’ by W. M. Wilson and R. W. Kluge, Proc., American Concrete 


Institute, Vol. 34, p. 625-648, 1938. 
GIP ‘Tests of ‘hs Effect of Brackets in Reinforced Concrete Rigid Frames,’ by F. E. Richart, 

Res. paper No. 9, Bureau of Standards Journal of Research, 1928. 
“Why Continuous Frames,”’ by Hardy Cross, Proc. American Concrete Institute, Vol. 31, 


f 
p. 358-67, 1935. 
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formations for frames 18 and 15, after 15 months of sustained loading 
were as follows: 


Vertical detectong.2, ...4 a0 sua oeetem se 0.65 
Rotations, Gi tley,. es dy, ie ena eee 0.61 
RotatlOrie, Gl 2-0: tes, ore 2pc chere a ae 0.67 
CONCTELG SULAMISs 155.0 viz. 6 <a niece eee 0.44 


In general, it may be said that the use of 2 per cent of compressive — 
reinforcement reduced the deformation under sustained loading by 
more than one-third. This stiffening effect has been noted in other 
tests involving plastic flow. 

While the compression reinforcement had little effect on the ulti- 
mate strength of the frames, the manner of crack formation near 
failure indicates that it delayed or prevented the secondary compres- 
sion failure that generally follows a failure in the tension steel. The 
frames with compression reinforcement developed a large number of 3 
tension cracks near the critical section, and yielded slowly at the 
maximum load. 


21. Comparison of Results of Tests of Concrete and Bakelite 
Frames.—In attempting to compare results from the concrete frames 
with those from the bakelite models, it must be recognized that the 
concrete frames are not perfectly elastic and that the ultimate strength 
may not vary exactly in inverse ratio to the stresses at early loads. 
The stresses in the bakelite models, on the other hand, closely repre- 
sent conditions in an elastic material. This is of especial significance 
in connection with the compressive stresses in the models given in 
Table 8. The wide variation in compressive stresses in the several 
frames in general represents a highly localized stress at a sharp corner, 
as in frames 1 and 6, 2 and 3. Here the stress exists over a very 
small area; it is a case of two-directional compression, with some 
restraint in the third direction; and the stress would be greatly re- 
lieved by a very small amount of plastic yielding. Such yielding 
would certainly occur before failure in a reinforced concrete frame. 
Further, since the frames’ compared failed in tension, there is no 
information on the relative compression resistances of the several 
types. 

A fairly satisfactory comparison may be made on the basis of 
tensile stresses in frames and models. Table 9 gives values (1) of 
the ultimate strengths of frames 1 to 7, (2) of the measured tensile 
stresses in the reinforcement of these frames at a load of 20 000 lb., 
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TABLE 9 
CoMPARISON OF RELATIVE STRENGTHS OF FRAMES 1-7 


Frame No. 


1. Maximum load, lb., concrete 
frame tests (Table 3) eee 31 900 | 35 700 | 42 200 | 35 000 | 41 650 | 32 450 | 42 500 


2. Stress in reinforcement of 
frames, lb. per sq. in., rat 
due to 20 000-Ib. load..... 24 600 | 23 200 | 19 350 | 22 350 | 16 800 | 24 300 | 19 050 


3. Tensile stress, lb. 
in bakelite oe ¥s ey (rebles 8) 


due to 1-lb.load.......... 80 76 70 74 64 80 65 
1A Relative values of 1........ 1.00 1.12 1.33 1.10 1.31 1.02 1.33 


2A Relative inverse values of 2..] 1.00 1.06 Tov 1.10 1.46 1.01 1.29 
3A Relative inverse values of 3..} 1.00 1.06 1.14 1.08 1.25 1.00 1.23 


and (3) relative values of tensile stress in bakelite models from 
Table 8. These are reduced to relative values, using frame 1 as the 
basis of reference, and the relative strengths from items (2) and (8) 
are assumed to be inversely proportional to the stress at a given load. 
The resulting ratios furnish an interesting and reasonably good com- 
parison. In general, the indicated variation in strengths is less from 
the bakelite models than that actually found from the large frame 
tests. The agreement between the stresses in bakelite and steel is 
very close, with two exceptions. 

It may be concluded with regard to the bakelite model tests that 
they furnish a good picture of the stress distribution in an elastic 
member. This information, used with knowledge of the inelastic 
behavior of reinforced concrete at high stresses, furnishes a good 
indication of the effect of such features as the fillets studied here. It 
is fairly obvious that when the elastic stress distribution results in a 
very high concentration over a small area, plastic flow will act to 
modify the stress greatly; on the other hand, when the stress rises 
gradually to a maximum, as in the diagrams for tensile stress (Figs. 
13 and 14) there is little chance for a redistribution due to plastic 
yielding. The photo-elastic tests furnish a very clear idea as to the 
location of highly-stressed areas near sharp corners, the effect of 
chamfering the back corners, the effect of large, well-rounded fillets 
and the position of the neutral axis. 

Since completion of the photo-elastic tests herein reported, the 
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authors have found four published articles* covering similar studies _ 


of the distribution of stresses in a right-angled corner (similar to a 


structural steel angle) with legs having parallel sides and connected 
by circular fillets of relatively small radii. These articles give further 
information on the stresses developed under other types of loading, 


but are not closely comparable with the present tests because the _ 
legs of the frames herein reported were tapered, and several different — 


types of relatively large fillets were used. However, the results re- 
ported by these investigators show stress distributions which are of 
exactly the same type as those found in the tests herein, and in general 
they confirm the findings of these tests. 


22. Summary of Results —The foregoing studies may be sum- 
marized as follows: 


(1) The tests of reinforced concrete knee frames under load applied 
rapidly to failure indicate clearly the increase in strength and stiffness 
to be obtained through the use of fillets of various types. The design 
of the frames and the quality of the materials were such that in a few 
cases the initial cause of failure was uncertain, but in general it was 
by tension in the reinforcement. In frames of weaker concrete, or 
with higher steel percentage, the effect of high localized compression 
at the sharp corners would be more pronounced. Apparently, with 
the 1.0 per cent of steel used, the localized compression did not 
appreciably affect the ultimate strength of any of the frames, thus 
justifying, to some extent, the current design practice. 

(2) While compression failures were produced in frames with 3 
per cent of tensile reinforcement, and would probably have resulted 
with a much smaller percentage, this result need not apply directly 
to a rigid frame bridge 20 feet or more wide, in which the lateral 
restraint of the adjacent material should greatly strengthen the con- 
crete subject to high stress at the re-entrant angle. 

(3) The strengthening effect of the fillets used was largely due to 
the reduction in bending moment and the slightly increased depth of 
member at the point of failure. 

(4) The elastic properties of the frames, as reflected in the meas- 
ured strains, deflections, and rotations, were greatly affected by the 
fillets. The large fillets of frames 3 and 5 increased the overall stiff- 


payee a Scientific Papers of the Institute of Physical and Chemical Research, Tokyo, Vol. 8, 
p. -267. 


H. C. vonWiddern, ‘‘Polarisationsoptische Spannungsmessungen an Stabecken,’”’ Doctor’s thesi 

technische ecneehule Miinchen, 1929. ‘2 : , 4 Se 
. Kurzhals, “Polarisationsoptische Untersuchungen an rechtwinkeligen auf Biegung bean- 

spruchten Stabecken,” Doctor’s thesis, Technische Hochschule Miinchen, 1930. are 


A. G. Hayden, ‘The Rigid Frame Bridge,” 1931. Describes test de at M husetts Insti 
of Technology by T. H. Frost and D. B. Sayre. a Oe ee a eS aed 
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ness of the frames approximately 50 to 70 per cent. Chamfering the 
back corners, as in frames 6 and 7, had very little effect on strength 
or stiffness. 

(5) The relative measured deflections and rotations for the various 
frames agreed fairly well with relative values computed by considering 


the gross concrete sections, neglecting the tensile reinforcement. This 


method of analysis for design purposes seems reasonably justified by 
the test results. 

(6) The tests of frames 8 to 11 show that compression reinforce- 
ment is effective in stiffening the frames, though it added very little 
to the strength of the frames, because of failure in tension. 

(7) The sustained loading tests also showed the marked stiffening 
effects of fillets and of compressive reinforcement. After 1 year and 
3 months of sustained loading, concrete strains, deflections, and rota- 
tions had generally increased to from 2 to 4 times the initial values, 
even under light working loads. The increase was least when com- 
pressive reinforcement was present. 

(8) Photo-elastic studies of scale models of bakelite showed very 
_ high compressive stress concentrations at the sharp corners of frames. 
_ These high localized stresses occur over very small areas, where the 
material of the structure is highly restrained. It is apparent that 
_ similar high compressive stresses in the concrete frames were greatly 
_ relieved by local plastic yielding. 

All stresses developed in the body of the knee were small as com- 
. pared to those near the junction of the knee and legs of the frame. 
The tensile stresses at the outside of the frame were definitely reduced 
by the use of fillets. The point of maximum tensile stress in the 
models agreed closely with the point of failure of the concrete frames. 

- (9) Besides furnishing a fairly good indication of the relative 
strength of frames of various types, the bakelite model tests furnished 
a very useful visualization of the position of the neutral axis, the 
effect of chamfering corners, the location and size of highly stressed 
areas, and the like. 

(10) The model studies indicate that the maximum tensile stresses 
might be approximated by use of the ordinary flexure formula with 
slight error, but that no close estimate can be made by ordinary 
theory with regard to the maximum compressive stresses developed 
in a knee frame. 

(11) The results of the tests show some of the advantages of 
fillets and indicate possibilities in the more effective use of the 
materials in rigid frame bridge design. 
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Kraehenbuehl. 1937. Forty cents. } “§ 

Circular No. 29. Broblanis in Building INumination, by John O. Kraehenbuehl. — 
1937. Thirty-fwe cents. ha 

Bulletin A 292. Tests of Steel Columns; Thin Cylindrical Shells; Laced 
Channels; Angles, by Wilbur M. Wilson. 1937. Fifty cents. , 

Bulletin No. 293. The Combined Effect of Corrosion and Stress Concentration — 
at Holes and Fillets in Steel Specimens Subjected to Reversed Torsional Stresses, | 
by Thomas J. Dolan. 1937. Fifty cents. , 

‘ Bulletin No. 294._ Tests of Strength Properties of Chilled Car Wheels, by 

Frank E. Richart, Rex L. Brown, and Paul G. Jones. 1937. Highty-five cents. 

Bulletin No. 295. Tests of Thin Hemispherical Shells Subjected to Internal 
Hydrostatic Pressure, by Wilbur M. Wilson and Joseph Marin. 1937. Thirty-five cents. 

Circular No. 30. Papers Presented at the Twenty-fourth Annual Conference on 
Highway Engineering, Held at the University of Illinois, March 3-5, 1937. 1937. 
Fifty cents. 

uo Reprint No. 11. Third Progress Report of the Joint Investigation of Fissures 

in Railroad Rails, by H. F. Moore. 1937. Fifteen cents. Lies 

Bulletin No. 296. Magnitude and Frequency of Floods on Illinois Streams, by 
George W. Pickels. 1937. Seventy cents. ae 

Bulletin No. 297. Ventilation Characteristics of Some Illinois Mines, by Cloyde 
M. Smith. 1937. Seventy cents. r 

Bulletin No. 298. Resistance to Heat Checking of Chilled Iron Car Wheels, 
and Strains Developed Under Long-Continued Application of Brake Shoes, by Edward 
C. Schmidt and Herman J. Schrader. 1937. Fifty-five cents. 

Bulletin No. 299. Solution of Electrical Networks, by Successive Approxi- 
mations, by Laurence L. Smith. 1937. Forty-five cents. 

Circular No. 31. Papers Presented at the Short Course in Coal Utilization, 
Held at the University of Illinois, May 25-27, 1937. 1938. Fifty cents. 

Bulletin No. 300. Pressure Losses Resulting from Changes in Cross-Sectional 
Area in Air Ducts, by Alonzo P. Kratz and Julian R. Fellows. 1938. Seventy cents. 

*Bulletin No. 301._The Friction of Railway Brake Shoes at High Speed and High 
Pressure, by Herman J. Schrader. 1938. Sizty cents. j 

*Bulletin No. 302. Fatigue Tests of Riveted Joints, by Wilbur M. Wilson and 
Frank P. Thomas. 1938. One dollar. 

*Circular No. 32. Two Investigations on Transit Instruments, by. William H. 
Rayner. 1938. Twenty-five cents. 

*Circular No. 33. Papers Presented at the Twenty-fifth Annual Conference on 
Highway Engineering, Held at the University of Illinois, March 2-4, 1938. 1938. 
Fifty cents. 

Bulletin No. 303. Solutions for Certain Rectangular Slabs Continuous Over 
Flexible Supports, by Vernon P. Jensen. 1938. One dollar. ys. 

Bulletin No. 304. A Distribution Procedure for the Analysis of Slabs Continuous 
Over Flexible Beams, by Nathan M. Newmark. 1938. One dollar. 

*Circular No. 34. The Chemical Engineering Unit Process—Oxidation, by 
Donald B. Keyes. 1938. Fifty cents. 

*Circular_ No. 35. Factors Involved in Plate Efficiencies for Fractionating 
Columns, by Donald B. Keyes. 1938. Twenty cents. 

*Bulletin No. 305.. Summer Cooling in the Warm-Air Heating Research Resi- 
dence with Cold Water, by Alonzo P. Kratz, Seichi Konzo, Maurice K. Fahhestock 
and Edwin L. Broderick. 1938. Ninety cents. 

*Bulletin No. 306. Investigation of Creep and Fracture of Lead and Lead Alloys 
for Cable Sheathing, by Herbert F. Moore, Bernard B. Betty, and Curtis W. Dollins. 
1938. One dollar. 

’ Reprint No. 12. Fourth Progress Report of the Joint Investigation of Fissures 
in Railroad Rails, by H. F. Moore. 1938. Fifteen cents. 

_ “Bulletin No. 307. An Investigation of Rigid Frame Bridges: Part I, Tests of 
Reinforced Concrete Knee Frames and Bakelite Models, by Frank E. Richart, 
Thomas J. Dolan, and Tilford A. Olson. 1938. Fifty cents. 
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